B

202

sinusoidal external electric field. The combined
effect of slip flow and electrokinetics was demonstrated on the velocity profile in confined
geometries. The velocity profile was observed to
be a function of both slip coefficient and external
electric field. They observed that both these
effects play an important role for flow inside the
microchannel.
Ou and Rothstein [10] developed an ultra
hydrophobic surface with micrometer-sized ridges
(20–30 mm wide) placed 20–120 mm apart aligned
in the flow direction. They demonstrated maximum 25 % drag reduction for flow inside these
channels. From m-PIV measurements, they
showed the existence of slip flow in the air–water
interface between the ridges, while the flow over
the ridges obeys the no-slip condition. They attributed the existence of slip flow for drag reduction.

Future Directions for Research
The studies carried out so far have explained the
slip flow phenomena to a great extent. However,
the use of slip phenomena for the analysis of
different fluid flow problems is limited. The
effect of various flow parameters, i.e., roughness,
wettabilty, polarity, and presence of nanobubbles
or residual gases, on slip flow phenomena need to
be conclusively and systematically studied. The
effect of temperature and concentration gradient
on slip flow parameters needs to be properly
characterized based on both molecular dynamics
simulation and experiments. The effect of slip
flow on turbulence production mechanism needs
to be established. The development of advanced
micro-/nanomanufacturing and measurement
technology is expected to facilitate the systematic
study of these parameters.
Manipulation of conditions required for the
generation of slip flow can have many practical
applications. This will be beneficial in the development of drag reduction and mixing enhancement technologies. This is particularly important
for micro- and nanotechnologies, where the pressure penalty is very high and mixing is difficult
due to the difficulty in the generation of
turbulent flow.
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Cross-References
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Definition
The boundary element method (BEM) is
a numerical method for solving partial differential equations which are encountered in many
engineering disciplines such as solid and fluid
mechanics, electromagnetics, and acoustics.

Overview
Boundary element method (or boundary integral
method) is a numerical tool that is well applied to
many linear problems in engineering. There are
several advantages of the boundary element
method (BEM) over other numerical methods
(such as finite element method (FEM)) and
some of which are (i) discretization and modeling
of only the boundary of the solution domain,
(ii) improved solutions in stress concentration
problems, (iii) accuracy of the solution regarding
that it is a semi-analytical method (the integral
equation is obtained using exact solution of the
corresponding linear problem; the numerical
approach is necessary only for evaluating the
resulting integrals), and (iv) the possibility of
application to domains that extend to infinity in
one or more dimensions. Especially, for problems
that involve successive remeshing, the boundaryonly nature of the BEM presents a valuable
property – since there is no domain discretization,
remeshing is not an important issue. Also, the
continuity and compatibility conditions within
the solution domain are satisfied in an exact manner in the BEM (in the FEM, on the contrary, the
continuity and compatibility conditions across
the elements are satisfied in a numerical manner).
The major disadvantage of the BEM is that
nonlinear or nonhomogeneous applications of the
method are not common since the method
requires predefined fundamental solutions,
which are to be determined for the given specific
problem, and for most nonlinear problems, there
are no such fundamental solutions provided in
literature. There are some techniques to overcome this disadvantage of the BEM, such as
defining internal cells for volume integration
(which destroys the boundary-only nature of the
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BEM) or using dual reciprocity method (which
requires a set of additional collocation points
defined in the solution domain).
Considering fluid flow in microchannels, typical flow speed is low (resulting in very low
Reynolds number) and the inertia forces are negligible (in magnitude) when compared with the
pressure or the viscous forces; the flow can be
considered as the so-called creeping flow [1]. The
governing equation of the creeping flow is the
Stokes flow, which is a linear partial differential
equation suitable for solution with the BEM. The
boundary element representation of such flow
was first developed by Youngren and Acrivos
[2] for the analysis of flow over 3D and axisymmetric rigid particles. Same authors then
extended their work for similar flow over deformable bubbles [3], and later a similar study involving viscous drops was introduced by Rallison and
Acrivos [4]. As a different approach, the motion
of a rigid sphere moving normal to a deformable
interface was investigated using boundary element method by Lee and Leal [5]. All boundary
element formulations indicated above are direct,
which means they are obtained using field variables which has physical meaning – like components of the velocity vector, traction on the
surface, and pressure.
Manipulation
of
bioparticles
within
a microchannel is a key ingredient for many
biomedical
and
chemical
applications.
A rigorous simulation of the particle motion
including the effect on the particle presence on
the field variables requires massive remeshing
when finite difference, finite element, and finite
volume-based numerical techniques are considered. Moreover, the determination of the forces
induced on the particles requires the calculation
of gradient of the field variables. Therefore, for
an accurate calculation of gradient of field variables, fine mesh is required on the particle surface. This issue is problematic when a particle
moves in the vicinity of the wall. The interaction
of the particle with the wall when the particle is
moving close to the wall is difficult to model. In
many cases, it is compulsory to introduce a model
to take into account the particle-wall interaction
[6, 7]. Since BEM does not require meshing
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within the flow field and the exact calculation of
gradient of field variables, and considering the
linearity of the governing equations, BEM is
a preferable tool for the simulation of the
bioparticles in a microchannel. In this entry,
advantages and challenges of the BEM for the
simulation of particle trajectory for a pressuredriven flow in a microchannel will be discussed,
and some preliminary simulations results will be
presented.

Basic Methodology
Boundary Element Formulation of Flow Field
The governing equations for the steady-state
Stokes flow (assuming the inertial effects to be
negligible) can be given as ! ∇P + m∇2u + rg "
x=0
where p is the pressure, u is the velocity vector, and rg is the body forces. The material properties are the viscosity, m, and the density, r, of
the fluid. Defining a modified pressure as P = p !
rg " x where x represents the coordinates, the
Stokes equation can be rewritten as ! ∇P +
m∇2u = 0. The hydrodynamic !stress tensor
" can
@uj
@ui
be written as sij ¼ !dij p þ m @xj þ @xi from
which the tractions on the boundary of the
region can be obtained as ti = sijnj where nj are
the components of the unit normal vector
pointing to fluid side at the given point. The
boundary element (BE) formulation in this case
is straightforward [1], where for a fixed
point A the integral equations in 2D can be
Ð
given as Cij ðAÞ uj ðAÞ ¼ C Gij ðA, PÞ tj ðPÞ dS!
Ð
C H ij ðA, PÞ uj ðPÞ dS which is referred to as
the reduced boundary element equation
(RBEE). It is necessary at this point to note that
for the above equation and for all equations,
Einstein’s summation convention is in place
which implies (if not explicitly defined otherwise) a summation over repeated index. In
RBEE, Cij(A) = dij if A  V, dij/2 if A is on
a smooth boundary, and 0 if A 2
= V. The 2D first
and second fundamental solutions of the
Stokes flow, e.g., G(A, P) and H(A, P), that
appear as kernels in the integrals in RBEE
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$
%
1
!lnðr Þdij þ r i r j
are given as Gij ðA, PÞ ¼ 4pm
r i rj @r
and H ij ðA, PÞ ¼ pr@n
where r = r(A, P) is the
distance between the fixed point A and the
varied point P and ri = ri(A, P) are the components of the unit vector directed from A to P. The
@r
directional derivative @n
can be obtained as
@r
@n ¼ r i ni .
The RBEE is exact in the sense that, if the
integral equations can be solved, the solution
will be the exact solution to the actual model.
Yet, even with many assumptions and simplifications both on geometry of the problem and the
boundary conditions, the solution to RBEE is, if
not impossible, very hard to obtain. Therefore,
a numerical solution is attempted. For this, the
boundary of the solution region is divided into
a predefined number of elements. For each element, there exist a number of computational
nodes (will be called only “nodes”). For simplicity, without losing generality, in this discussion
constant elements are employed. For constant
elements, the computational node is at the midpoint of the element, and all field variables associated with the element are assumed to have
a constant value that equals to the value at the
node of the element. A simplified mesh with
constant elements can be seen in Fig. 1.
For the constant elements, since the field variables ui and ti are assumed to be constant

Boundary-Element Method in Microfluidics,
Fig. 1 The constant element mesh for solution of
the RBEE
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over the element, the integrals can be written as:
Ð
Ð
Ck Gij ðA, PÞ tj ðPÞ dS ¼ tj ðAk Þ Ck Gij ðA, Pk Þ dS and
Ð

Ck

H ij ðA, PÞ uj ðPÞ dS ¼ uj ðAk Þ

Ð

Ck

H ij ðA, Pk Þ dS

where Ck is the portion of the boundary that corresponds to the kth element with the node Ak.
When the RBEE is rewritten at all nodes
Ð
Ak k = 1.. N, with Glk
ij ¼ Ck Gij ðAl , Pk Þ dS and
Ð
H lkij ¼ Ck H ij ðAl , Pk Þ dS and uj(Al) = ulj, tj(Al) = tlj
and considering the node on a constant element
is on a smooth curve (line), one can obtain
a linear set of equations which can be given as
lk k
lk
1 l
k
2 ui þ H ij uj ¼ Gij tj which can be rewritten
ll
(if diagonals Hii are augmented with 12 ) as
k
lk k
Hlk
ij uj = Gij tj .
This gives a 2N ' 2N matrix equation which
may be written as H " u = G " t which then is
solved in view of the boundary conditions. The
imposition of boundary conditions in boundary
element method is a simple task, which is
achieved only by swapping the columns of the
coefficient matrices. The aim is to collect all the
known terms on the right-hand side (rhs) and all
the unknowns to the left-hand side (lhs) of the
equal sign. Therefore, for a selected couple
m
(um
n , tn )
which corresponds to the component in the
n-direction of the mth element, if tm
n is known,
no action is required since the known/unknown
is in the right place; but if um
n is known, then all
terms containing this term should be swapped
with the terms involving tm
n , e.g., for each row,
the corresponding equation is replaced with the
equation below:
m
lm
m
!Glm
in tn ¼ !H in un

This corresponds to a column swap of the
(2 * (m ! 1) + n)th column of the coefficient
matrices (by taking the negatives of the
columns).
After the necessary column changes, the system of equations take the form
K " x = L " b where now x represents the
unknown vector and b represents the vector
formed by the boundary conditions of the system.
The solution can be obtained after evaluating the
rhs multiplication, e.g., K " x = l.
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Simulation of Particle Trajectory
Particle trajectory is the result of the interaction
of the particle with the electric field and the flow
field. To simulate the particle trajectories, there
are two approaches. The first approach is the
Lagrangian tracking method, which neglects the
finite size of the particles and treats them as point
particles and solves the field variables without the
presence of the particles [8]. In this case, only the
effect of the field variables on the particle is
considered. The second approach is the stress
tensor approach, which includes the size effect
of the particle. In this approach, the field variables are solved with the presence of the finitesized particle, and the particle translates as
a result of the interaction of the particle with the
electric and flow field [8]. In each incremental
movement of the particle, the field variables
need to be resolved. The former approach is
very simple and works good to some extent, and
the latter approach is accurate yet computationally expensive.
Lagrangian Tracking Method (LTM)

In this approach, particles are assumed to be point
particles, and the effect of the particle on the field
variables is ignored; only the effect of the field
variables on the particle is considered. The field
variables are determined without the presence of
the particles. The particle position xp can be
determined, by integrating the particle velocity
together with the initial position:
xp ðtÞ ¼ xo þ

ðt

0

up ðtÞdt:

For a fixed frame of reference, the translational motion of a particle is governed by
mp

dup
¼ Fext ,
dt

where mp is the particle mass and Fext is the net
external force. In a microfluidic environment, one
source of the external force is the drag force on
the particle. Depending on the application, on top
of the drag force, electrokinetic forces, magnetic
forces, or acoustic forces may need to be
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included. Depending on the particle, Brownian
motion may also be included. In LTM, the analytical expression for a spherical particle for
a given force is used. The drag force on
a spherical particle is given by

obtained by integrating the appropriate stress tensor on the particle surface. In the case of a fluid
flow, the resultant drag force on the particle can
be determined by integrating the hydrodynamic
stress tensor, which is given as

'
(
Fdrag ¼ 6pmR u ! up ,

'
(
Th ¼ !pI þ m ∇u þ ∇uT

at the creeping flow limit, which is known as the
Stokes law, where R is the particle radius, u is the
fluid velocity, and up is the particle velocity
(the analytical expressions for other forces can
be found elsewhere [9]).
For the particle size considered in this study,
the characteristic time scale of acceleration
period of the motion is in the order of 10!4 s [8]
which is much smaller than the time scale of the
variation of the field variables. Therefore, the
acceleration term can be safely neglected, and
the velocity of the particle can be derived by
equating the total external force to zero.
This approach is very simple and however has
some limitations. LTM is valid if the particle size
is small compared to the device dimensions, and
in this version, it is valid for spherical particles.
For the Stokes law to be valid, the particle needs
to be several diameters away from the solid
boundaries and the other particles (to model the
hydrodynamic interaction of the particle with the
wall, a correction factor needs to be introduced
[6]) Moreover, if the disturbance of the flow
field is significant due to the presence of the
particle (e.g., the number of particles may be
high within the domain or the size of the particle
may be comparable with the microchannel size),
the validity of the LTM is questionable. Since
LTM does not include the presence of the particle, the simulation of the flow field can be
performed with any standard software which
handles the solution of PDEs, and the trajectory
of the particles can be obtained at the postprocessing step.
Stress Tensor Approach

In this approach, the field variables are determined with the presence of the finite particle
size. The resultant force on the particle can be

over the particle surface. Once the resultant
forces are given, Newton’s second law of motion
can be integrated to get the new position of the
particle. This approach can be applied for any
geometry, and particle interaction with the field
and particle-particle interaction can be included.
The drawback of this method is that it is computationally expensive. As the particle moves in the
microchannel, the meshes need to be updated
from time to time. Although BEM can be used
for both approaches (LTM and STA), at this point
BEM introduces a unique advantage for STA
since in BEM only the boundaries of the domain
are meshed. For an undeformable body, only the
mesh on the particle surface needs to be moved in
accordance with the appropriate forces. Utilizing
this fact, Dustin and Luo [10, 11] implemented
BEM to simulate the particle trajectory within
a microchannel under the action of electrophoretic and electroosmotically driven flow field.
Boundary Element Formulation of Particle
Trajectory
For this purpose, an incremental time stepping is
suggested. At each time increment, the fluid flow
will be assumed to be steady. This assumption
holds if the particle dimensions are sufficiently
small when compared with the characteristic
dimensions of the problem (e.g., channel wall
dimensions) and the change of location of the
particle within one time increment is not significant. In this case, the inertial terms in the fluid
flow equation can be neglected, and a steady-state
assumption can be made.
In the analysis, further assumptions can be
stated as the particle is bouyant, e.g., the net
force acting on it (as it freely moves within the
medium) is zero and the mass of the particle and
the time rate of change of its velocity are
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sufficiently small that we may assume the inertial
effects in the motion of the particle may be
neglected.
Also, within the framework of this analysis,
the particle is assumed to be rigid.
Recall the matrix equations of the BEE and
how the boundary conditions are imposed on the
system. The imposition of such boundary conditions requires, at all points of the defined boundary, the definition of one and only one of the
m
couples (um
n , tn ) or at least a combination of the
two. When the motion of a particle in the fluid is
considered neither the velocity components, ui,
nor the traction components, ti, nor a combination
of the two is known at a given element m. Rather,
it is known that since the particle moves freely
(e.g., free of forces), the net force over the surface
will be zero. Also, the motion is a rigid body
motion; therefore, all points on the particle surface will have a velocity that can be expressed as
ui ¼ ubi þ or^ti .
Here, ui represents the velocity at the particle
boundary, ubi are the velocity components of the
particle center (translation), and o is the angular
velocity about the particle center. The distance
between the particle center and the boundary
point is given as r and the components of the
counterclockwise normal to the position vector
form the center of the particle to the
corresponding node is denoted by ^ti .
Considering the above discussion, three new
unknowns can be introduced (in 2D): ub1, ub2, and
o. All nodal velocities on the particle boundary
will be a function of these three new unknowns.
Assume now that the nodes M to N (which makes
up N ! M nodes) belong to the particle. Then, for
a node m on the particle boundary, one can write
the above rigid body motion equation with the
emphasis that r ! r(m) gives the distance from the
ðmÞ
node to the particle center and ^ti ! ^ti is the unit
tangent at the given node. With this, the equations
can be modified for a given row (l, i) of the
system of equations (which in fact belongs to
the equation that is obtained by fixing the point
A to Al and in the i-direction) which in fact
corresponds to the (2 ' (l ! 1) + i)th row. The
modification would be
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M
!1
X
m¼1

m
H lm
ij uj þ

N
X

m¼M

B

!
"
b
ðmÞ ^ðmÞ
m
t
H lm
u
þ
or
¼ Glm
j
ij
i
ij tj

which implies the addition of three columns for
the three unknowns in the H matrix. For the
elements of the first two columns, we have
N
X
H lm
ij and for the elements of the third column,

m¼M
N
X
m¼M

ðmÞ

ðmÞ ^
H lk
tj ).
ij ðr

At this point, one can easily judge that all
traction components for the nodes belonging
to the particle are unknown. Therefore, a column
swap of columns for the nodes M to N is required.
To make the system of equations solvable,
three more equations should be stated. These
three equations are obtained from the equilibrium
conditions, e.g., the total force and moment on
the particle boundary should be zero. Thus, the
integrals relating the tractions to the total force
and moment should add up to zero. This will
bring in the required three more equations.
As the system of equations are solved, the
rigid body motion parameters for the particle
center will be obtained. With this velocity and
the predefined time step, the particle may be
moved to its new calculated location.

Key Research Findings
As a benchmark study, two-channel geometry
and two-particle geometry are chosen as shown
in Fig. 2. Fist geometry is a straight channel with
a channel width, W, and a channel length, L. For
the particle geometry, spherical (with a diameter
d) and elliptical (with long-axis diameter, dl, and
short-axis diameter, ds) particles are chosen,
since many bioparticle-like bacteria and cells
can be modeled with these two geometries. The
particles are released initially from the location
(xr, yr) and the particle simulations are stopped
when the particles reach x = 450 mm. The geometric parameters used in the simulations are
given in Table 1.
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Boundary-Element
Method in Microfluidics,
Fig. 2 Schematic drawing
of the computational
domain (a) straight
microchannel (b)
microchannel with hurdle
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Table 1 Geometric parameters used in the simulations
L
W
Lh
Wh

500 mm
100 mm
100 mm
70 mm

xr
yr
d
dl
ds

50 mm
10, 20, 30, 50, 70 mm
10 mm
10 mm
6 mm

In the simulations, the density of the fluid is
taken as 1,000 kg/m3, and the viscosity is taken as
0.001 Pa.s which are the typical values for water
(for bioparticle-based applications, the buffer
solutions are water-based solutions). The particle
is assumed to be buoyant which is the case for
many bioparticles. At the inlet of the channel,
uniform velocity of 300 mm/s is assigned. On
the channel walls and the particle surface,
no-slip boundary condition is applied, and zero
pressure at the outlet of the channel is assigned.
Typical mesh used in the simulations is shown in
Fig. 3. 300 elements in the length direction, 50 elements in the width directions, and 32 elements on
the particles are used for the straight channel.
250 elements on the top wall, 390 elements on
the lower wall (finer mesh is implemented in the
vicinity of the hurdle), and 50 elements on the inlet
and the exit are used for the channel with the
hurdle. The simulations were performed on an
HP Z400 Workstation (Intel Xeon W3550, Quad
core, 3.06GHz, 16GB RAM). Although the total

time step taken for each particle depends on the
released point, it was observed that typical
run-time for the simulation of a single particle
varies between 1 and 2 min.
The particle trajectory of 10 mm, spherical
particle is illustrated in Fig. 4. The particles are
released from yr = 10, 30, and 50 mm. For each
time step of 0.25 s, the orientation of the particle
is shown in the figure. To demonstrate the rotation of the particle, one point on the particle is
marked with red dot. The x-velocity and the
angular speed of the particles are given in
Fig. 4-b. Since it is a spherical particle in the
Stokes flow, the x-velocity and the angular speed
of the particles are steady. As the particle moves
closer to the centerline, it travels with a higher
velocity due to the parabolic nature of the velocity
profile. Therefore, the x-velocity of the article
increases as yr increases. As the particle moves
closer to the channel wall, the symmetry of the
flow at the upper and the lower surface of the
channel distorts which results in a higher rotational
speed. As a result, the angular speed of the particle
increases as yr decreases. Since the velocity on the
upper half of the particles is higher than the lower
half, the rotation of the particles is in the clockwise
direction. Due to the symmetry of the flow field,
the particles released from yr = 70 and 90 mm
would have the same trajectory with a counterclockwise rotation.
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Fig. 3 Meshing of the
computational domain
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Fig. 4 (a) Motion of
spherical particle in
a microchannel (b)
x-velocity and angular
speed of the spherical
particle

The motion of an elliptical particle in
a straight channel is shown in Fig. 5. The rotation
of the particle can also be seen, and again it is in
the clockwise direction. The same conclusions
for spherical particle are also valid for the elliptical particle. However, the major difference is
the x-velocity and the angular speed of the

particle. Especially for the angular speed, there
exists a steady periodic behavior due to the geometry of the particle. The magnitude of the angular
speed depends on the instant orientation of the
particle. Moreover, even x-velocity has a steady
periodic behavior for the particle moving
near the wall.
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Boundary-Element
Method in Microfluidics,
Fig. 5 (a) Motion of
elliptical particle in
a microchannel (b)
x-velocity and angular
speed of the spherical
particle

As a second benchmark problem, the motion
of spherical and elliptical particles are analyzed
in a channel with a hurdle at the middle. The
results for spherical (Fig. 6) and elliptical particles (Fig. 7) are shown in the figures below. The
rotation of the particles can also be realized. The
particles realesed from 10 mm follows a streamline which is different than that of 10 mm after the
hurdle due to hydrodynamic interaction of the
particles at the corners and within the hurdle
section. As the released location increases, this
issue diminishes. Although, it is not simulated,
the interaction of the particles with the corners
has size dependence. So, the location of the particles after the hurdle depends on the size of the
particle. BEM has clearly the ability to model this
hydrodynamic interaction with the wall without
any need for correction factor. The dependence of
the equilibrium position after the hurdle on particle size is the key ingredient for the microfluidic
devices for hydrodynamic separation of
bioparticles. With the ability of BEM, this issue
can be explored in details to come up with efficient microfluidics bioparticle separators.

Future Research Directions
BEM is an effective computational tool for
microfluidic simulations. Especially, computational tools to simulate motion of particles in
a microchannel are very crucial for the optimum
design of the microfluidic devices. The implementation of BEM for this kind of problems is
relatively new in this field. Therefore, there are
many possible future research directions which
can be summarized as follows:
• Considering the electrokinetic phenomena
occurring in many microfluidic-based
devices, such as electroosmotic pumping,
electrophoresis, and dielectrophoresis, the
governing equation is the Laplace equation
which is in many cases also a linear partial
differential equation. Electrokinetic forces
may also be included in the BEM model
together with the flow field. Similarly, inclusion of the acoustic and/or magnetic forces is
also possible since the governing equations
are in the linear form for many microfluidic
applications.
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Fig. 6 Motion of spherical
particle in a microchannel
with hurdle (a) yr = 10 mm,
(b) yr = 20 mm, (c)
yr = 50 mm, (d) yr = 70 mm

• Although neglection of the acceleration term
for the particle is a reasonable approach, the
neglection of the time-dependent term for the
Stokes flow is problematic especially for
nonspherical particles. Inclusion of the time
derivative term for the flow field may result in
more rigorous solution.
• 2D modeling is very common in microfluidic
applications. Strictly speaking 2D modeling is
appropriate for electroosmotic-based flow in
which the flow profile is pluglike. For
pressure-driven flows, a rigorous modeling
requires 3D modeling. 3D modeling with
BEM is a straightforward extension of the
2D model. Since the BEM discretizes only
the boundary of the solution domain and no
need for remeshing as the particle moves
within the flow field, BEM can be

B

implemented effectively even for 3D
simulations.
• In BEM, all the elements of the system matrices can be determined independently, and the
resulting linear system of equations has a fully
populated coefficient matrix. Referring to
these issues, the algorithm is highly
parallelable. Moreover, by exploring the
nature of the linear system resulting in
microfluidic applications, effective iterative
numerical algorithms can be developed.
• In many microfluidic applications, the number
concentration of the bioparticles can be high,
and the particle-particle interaction may be
important when predicting the trajectory of
particles. Introduction of many particles in
a microchannel is a straightforward extension
of the current model. Again with the
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Boundary-Element
Method in Microfluidics,
Fig. 7 Motion of elliptic
particle in a microchannel
with hurdle (a) yr = 10 mm,
(b) yr = 20 mm, (c)
yr = 50 mm, (d) yr = 70 mm

advantages associated with BEM, simulation
of many particles can be computed in an effective manner.
• In the case of biomedical applications,
bioparticles are highly deformable bodies.
Although BEM is suitable for linear systems,
nonlinear modeling has also been implemented
for plasticity problems. Therefore, the inclusion of the deformation of the bioparticles is
possible with BEM formulation which is very
valuable for microfluidic applications.

Cross-References
▶ Boundary Element Method and Its
Applications to the Modeling of MEMS
Devices
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Definition
The temperature of a fluid is a measure of the
average kinetic energy of the fluid molecules.
Thus, all fluids above absolute zero consist of
molecules that constantly collide with each
other and with any other object suspended in the
fluid. Even at thermodynamic equilibrium in the
fluid (zero average heat flow), these collisions
impart a random motion to every particle in the
fluid that is termed as Brownian motion – named
after Robert Brown who first observed such
motion in pollen grains suspended in a fluid.

Overview

Bragg Diffraction Equation or
Bragg’s Law
Definition
If a crystal is irradiated with x-ray radiation
most of the radiation passes through
unhindered. But some part of the radiation
will be deflected by the crystal, which is called
Raylight scattering and can be visualized on
photographic plates. But the equation can only
be achieved (and thereby the reflection be
observed), if the pitch length (which is although
the phase shift of the radiation before and after
the deflection) is an integer multiple of the
wavelength. The Bragg diffraction equation
was developed by William Henry Bragg and
his son William Lawrence Bragg in 1912.
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Synonyms
Brownian diffusion

Albert Einstein was the first [1] to describe the
cause of this motion in a comprehensive way that
related the prevalent kinetic theory viewpoint
with the random-walk theory-based description
that was coming into vogue at the time. Quantifying the extent of Brownian motion provided an
early proof of the existence of molecules and was
also recognized as a way to model a variety of
applications – for example, in stock markets and
astrophysics – wherein an entity is subject to
random interactions with its environment. In
this entry, the theory, measurement, and applications of Brownian motion in a fluidic setting are
described, and the current avenues of
research – which probe beyond the canonical
view – are discussed.

Key Research Findings: Theory,
Measurement, and Applications of
Canonical Brownian Motion
A defining characteristic of canonical Brownian
motion is the linear dependence of a particle’s
mean squared displacement with respect to time.
This dependence can be understood with a simple
model: the random motion of a particle that is
constrained to move either left or right on a line
with equal probability by a distance l in every
time interval dt. The particle’s displacement rN at
the end of N time intervals is given by rN!1 ( l

B

